ABSTRACT An open loop control law for stator d-and q-axis currents in a rotor field oriented induction machine are derived in the form of analytical functions of time and used to study how energy losses during speed transients can be minimized. The trajectories due to the developed functions are inspired by the numerical solution of the induction machine optimal control problem. It is found that transient energy efficiency of the machine depends primarily on the initial rotor flux at the beginning of the transient interval.
I. INTRODUCTION
A consequence of the 2nd law of Thermodynamics is that conversion of energy from one form to another is not 100% efficient. Electro-mechanical energy conversion is no exception. Hence a fraction of electrical, or mechanical, power input to the electric machine is wasted as heat. However, electro-mechanical energy conversion systems are considerably more efficient than those of thermochemicalmechanical or mechanical-mechanical energy conversion systems. However, electric machines outnumber other energy conversion devices, both in quantity and operating time, and hence even small amounts of power losses add up to significant energy losses over time. Conversely, even a couple of percentage points of improvement in their energy efficiency can lead to large energy savings over time. Energy efficiency of electric machines (or any other energy conversion systems) is not a static quantity. It is a function of the parameters, state variables, input variables, and external disturbances related to the machine. It can take any value from zero to a maximum theoretical efficiency (below 100%). Improving the efficiency (or reducing losses) of electromechanical energy conversion systems is ultimately an engineering optimization problem, consisting of a cost function to be minimized (or maximized) with a set of associated constraints. The following approaches can generally be taken to improve their efficiency: a) Optimize the design: Select electric machine parameters like resistance, inductance, number of windings, grade of the steel used for stator/rotor, type of metal used in windings, etc. to maximize their energy efficiency at a specific speed-torque operating point (usually the rated speed and torque operating point).
b) Optimize the operation during steady state: Modify state variables of the electric machine like electromagnetic flux, or stator current, after it has reached a steady state, and maximize the efficiency at its active speed and torque operating point. c) Optimize the operation during transients: Modify the state variables of the machine like electromagnetic flux, or stator current, while it is accelerating or decelerating to a new speed-torque operating point to maximize its efficiency during transients. It can be noted that (a) and (b) in above are static optimization problems and would use similar algorithms to find the optimal parameters. (c), on the other hand, is a dynamic optimization problem and would require the finding of an optimal function with respect to time. Using optimal control solution concepts, this paper focuses on (c). The objective is to derive a closed form prototype expression for the control inputs of a rotor field-oriented induction machine (IM) so that it is able to accelerate, or decelerate, from one operating point to another with minimum energy losses. Some works have been reported on this important topic as discussed later in Section II. The main contribution of this paper, relative to the state-of-the-art, is also discussed in Section II of the paper. As more and more electric vehicles are being manufactured and hit the road and constantly accelerate or decelerate, even small amounts of savings in transient energy losses would add up to significant levels.
In an IM, electromagnetic torque is produced due to the interaction of the stator's rotating magnetic field with the current induced in the rotor bars. In a rotor field-oriented IM, the electromagnetic torque can be expressed by (1) [1] .
It can be seen from (1) that there are two degrees of freedom in the optimization problem under discussion, namely stator q-axis current i qs and rotor d-axis flux Ψ dr . Static optimization solutions would have required us to find scalar values of the flux and current that would result in minimum energy losses. However, a dynamic optimization approach requires us to find functions for both flux and current w.r.t. time. Such functions play an important role in achieving the objective of this paper.
The organization of this paper is as follows. Section II discusses the state-of-the-art of the transient energy loss optimization problem being investigated in this paper. Section III discusses the objective function, its necessary conditions, and its numerical solution. In Section IV prototype expressions are derived for the optimal rotor flux and stator current trajectories as functions of time which are inspired by the numerical solutions in Section III. Section V develops prototype expressions for optimal energy losses during the transient operation of IM. Section VI discusses the sensitivity of the developed optimal trajectories and the results. Finally, section VII provides some concluding remarks on the findings of this study.
II. LITERATURE SURVEY
There have been several works that have attempted to solve the problem of optimizing IM operation during transients, but there has yet to be a survey that chronicles these efforts. This section provides a brief outline of all the related efforts during the last 40 years that have focused on this research problem [2] .
The use of optimal control theory in electric machine control applications can be traced back to the work of Petrov as reported in [3] . He developed optimal control trajectories for DC series motors, DC permanent magnet motors, and induction motors using the principles of optimal control theory. However, in his approach he only considered the stator ohmic losses, used a very simple model, and utilized control variables that made it impractical to use with modern power electronic drives. Dynamic optimization in IM's did not receive much attention until the early 1990's. Considering both the stator and rotor ohmic losses, as well as core losses, the work by Lorenz et al. in [4] - [6] proposed to use Bellman's equations (from dynamic programming) to solve the transient energy loss problem. This was also the first work to use d-and q-axis currents as control inputs in the transient energy loss minimization problem. This solution was compatible with power electronic drives using the Field Oriented Control algorithm. However, the use of Bellman's equations resulted in the need for solving a set of partial differential equations to compute the control trajectories. Hence, machine trajectories were computed offline and stored as a lookup table on the controller. This technique could only be used if the load torque and speed torque were available before hand, thereby limiting its practical use. During the same period Sangwongwanich et al. used the Pontryagin's minimum principle to develop a control law for IM that minimized the time taken to increase the rotor speed [7] - [10] . In their approach, Sangwongwanich used the angle between d-and q-axis currents as a control input. However, energy losses were not considered in this work, i.e. it was purely a minimum time problem. In [9] a linear quadratic regulator was used for speed control with stator current as the control input. Another work that used the optimal control principles without considering transient energy losses was by Murata et al. in [11] .
In late 1990's the work by De Wit et al. in [12] used EulerLagrange equation to derive a set of necessary conditions to be satisfied by the optimal rotor flux trajectory in a field oriented induction machine. Stator and rotor ohmic losses were considered in the cost function. This work treated the problem as a Calculus of Variation problem rather than an optimal control problem. However, unlike the earlier efforts, they gave no simulation results or hardware configurations to demonstrate the feasibility of their trajectory.
During early 2000's the work by Rodriquez in [13] and Gonzalez in [14] used Pontryagin's minimum principle for obtaining the maximum torque per current input. However, their cost functional didn't have any power loss terms or 20546 VOLUME 5, 2017 terminal costs. Hence, they could find an equation for the optimal d-and q-axis current trajectories (as control inputs). The parameters in their analytical equation took on different values for different initial and final conditions. Hence, the trajectories had to be computed offline and stored as a lookup table on the controller. The work by Botan et al. in [15] also used the Pontryagin's minimum principle, a cost function with stator and rotor ohmic losses, and stator d-and q-axis currents as control inputs. However, the fact that they considered only the rotor speed dynamics makes the validity of their optimal trajectory debatable. A work by Inoue in [16] used Euler-Lagrange equation to find the optimal torque trajectory that maximizes the regenerative power. In early 2010's this concept was used again by the same authors in [17] - [19] for minimizing stator and rotor ohmic losses during transients. During the same time period the work by Gaiceanu and Rosu in [20] - [22] used a linear quadratic regulator for minimizing the stator ohmic losses as well as the speed control. The optimal trajectory of the stator q-axis current was calculated online using Matrix Riccati Differential Equation (MRDE). This is a good approach for practical implementations except that only the ohmic losses due to stator q-axis current are considered. Another work that used the Bellman's equation to minimize stator and rotor ohmic losses was by Ali in [23] . Unlike the work by Lorenz, Ali found the optimal flux trajectory as an offline solution instead of the optimal stator current trajectory and fitted a polynomial curve to that trajectory to reproduce it during real time operations.
The most recent works in this area are by Stumper et al. [24] , [25] in 2013, Plathottam and Salehfar [26] , [27] in 2015-16, and Weis et al. [28] in 2016. Both Stumper and Weis extended De Wit's work, and hence have approached the problem as a Calculus of Variation problem. Stumper's work used the Euler-Lagrange equation and a predetermined torque trajectory to find the optimal rotor d-axis flux trajectory that minimized ohmic and eddy current losses during transients. A distinguishing feature of Stumper's work was the development of a closed form equation for the optimal flux trajectory which took the shape of a first order lag. However, the problem with this trajectory was that it assumed speed was constant during torque transients. Hence, the solution was not optimal for an IM accelerating from one speed level to another. Weis extended Stumper's work and expressed the optimal rotor flux trajectory in an accelerating machine as a conic section. At the same time, the same conclusion was independently obtained by the authors of the present paper though the results could not be published at the time.
The present paper further extends the concepts and results that were developed in [26] and [27] . As a contribution to the state-of-the-art, prototype analytical expressions of the open loop control law for d-and q-axis current trajectories of IM are derived and tested in this paper. The inspiration for the proposed trajectories comes from the numerical solutions of the necessary conditions obtained from Pontryagin's minimum principle. Using the prototype expressions, it is possible to find the sensitivity of the optimal energy efficiency with respect to the operating parameters of any generic IM that is accelerating or decelerating from one operating point to another.
III. COST FUNCTIONAL AND NECESSARY CONDITIONS
The solution of an optimal control problem needs three ingredients, namely the cost functional, a dynamic model of the system, and a solution technique. The rotor field-oriented current fed model of the IM is used in this work [1] .
A. COST FUNCTIONAL
The goal of the dynamic optimization problem under investigation is to minimize the stator and rotor ohmic losses and the stator eddy current power losses [29] during transients, and bring the rotor speed, electromagnetic torque, and rotor d-axis flux to the desired steady state values [26] , [27] . The Bolza cost functional representing these objectives is given by (2) , (3), and (4). The cost functional must be expressed in terms of the state and control variables of the IM model.
where w 1 , w 1 and w 3 are the weights given to individual deviations, and φ is the terminal cost function.
B. NECESSARY CONDITIONS
The IM model and (3) can be combined to form a Hamiltonian as shown in (5). (5) where, f 1 and f 2 are the state equations (ODE's) for rotor speed and rotor d-axis flux. λ 1 and λ 2 are the co-states.
The full derivation of both the necessary conditions and boundary conditions using Pontryagin's minimum principle have been provided in [2] and [26] and thus are not repeated here. Note that the transversality condition can be used to find a set of boundary conditions for the co-states from the terminal cost function (4). The initial values of rotor flux and rotor speed form another set of boundary conditions. Hence, the result would be a two-point boundary value problem (TPBVP) that needs to be solved.
C. NUMERICAL SOLUTION
The TPBVP can only be solved numerically since it consists of a system of non-linear ODE's and algebraic equations. In this work, the conjugate gradient method was used to iteratively arrive at the solution [30] . A sample set of the VOLUME 5, 2017 optimal solutions are plotted and shown here based on the initial conditions of the rotor flux and speed given in Table 1 . The parameters of the IM model are given in the Appendix of this paper. The rotor d-axis flux, rotor speed, and stator q-axis current obtained from the numerical solutions are given in Fig. 1, Fig. 2, and Fig. 3 , respectively. These numerical results show that the trajectories follow conic sections under different scenarios. More results from the numerical solution can be found in [2] . 
IV. PROTOTYPE OPTIMAL ROTOR FLUX AND STATOR CURRENT TRAJECTORIES
The numerical solutions in previous section were obtained using the specified IM parameters. Those numerical solutions do not explicitly establish a closed form expression among the motor operating parameters, the optimal control law, and the optimal transient energy losses for a generic IM. However, we know there exist continuous functions w.r.t. time for the state variables and control variables in the interval t 0 , t f . From Weistrass approximation theorem, we know that these functions can be approximated to any degree of accuracy using polynomials. In this section, prototype analytical expressions are derived using polynomial functions for the control and state trajectories that are applicable to a generic IM that is accelerating or decelerating from one rotor speed level to another.
Two sets of prototype expressions, referred to as Trajectory A and Trajectory B are proposed. The rotor d-axis flux and stator d-axis current expressions will be the same for both trajectories A and B, while the stator q-axis current expression will be different for both trajectories. The general steps in deriving the proposed prototype expressions may be summarized as follows: a) Derive the closed-form prototype expressions for optimal current and flux trajectories for both trajectories A and B. b) Use the expressions from (a) to find an expression for energy losses during speed transients. c) Find the value of the unknown parameters in (b) that minimize the IM's energy losses during transients.
A. BASELINE (REGIME I) TRAJECTORY FOR ROTOR FLUX AND STATOR CURRENT
For comparison with prototype trajectories A and B, we first define a baseline case (call it Regime I) for the rotor flux and stator current trajectories. Regime I approximates the outputs from the speed control loop of a conventional field oriented control system. In Regime I, the rotor d-axis flux and stator d-axis current always remain constant. The stator q-axis current will take on a constant value during the transient time interval corresponding to the required accelerating torque. Regime I is expressed as in (6)- (9) .
where Ψ a dr is the constant value taken by the rotor flux for Regime I, i a qs is the constant value of the q-axis current during transient time interval for Regime I. The q-axis current may take arbitrary values before and after the transient interval.
B. ROTOR D-AXIS FLUX AND STATOR D-AXIS CURRENT FOR TRAJECTORY A AND TRAJECTORY B
From the numerical solutions discussed earlier, it is observed that the optimal trajectory for the rotor d-axis flux takes the distinctive shape of a conic section. Hence, the optimal rotor flux and the stator d-axis current trajectories can be represented by generic polynomial functions of time as shown in (10) and (12), respectively.
where a 1 , b 1 and c 1 are the coefficients to be determined. Note that we are only concerned with determining an expression for the rotor flux during the transient time interval. Values taken by the rotor flux outside the transient interval are beyond the scope of this analysis. Let us assume that the optimal trajectory (10) passes through the generic points Ψ 0 dr , Ψ m dr and Ψ f dr at t = t 0 , t f 2 , and t f , respectively, as illustrated in Fig. 4 .
Also, the transient time interval is normalized so that it starts at 0 and ends at 1. Additionally, let us assume that the IM is running at no-load and maintains a constant flux during steady state. The above assumptions can be expressed as in (13) and (14) .
Note that Ψ a dr is known from the optimal control problem in the form of the initial condition of the rotor flux, and hence can be treated as a parameter that is specific to a given transient. The value of rotor flux at the vertex of the conic flux trajectory, Ψ m dr , can be expressed in terms of the initial rotor flux Ψ a dr as shown in (15) . ψ m dr = xψ a dr (15) where x is the flux ratio between Ψ m dr and Ψ a dr . The coefficients in the polynomial function (10) can be written as in (16), (17) , and (18) . Derivation of these coefficients is an algebraic exercise and details are provided in [2] .
Since IM is running at no-load, there is no load torque on the IM rotor shaft and all the mechanical energy output from the machine is being stored as kinetic energy in the rotor mass. For example, an IM used in a flywheel application works under these conditions. It must also be pointed out that the assumptions in above are made only to alleviate the mathematical effort that is involved. These assumptions are not a way to force fit the analytical expression to the rotor flux and stator current trajectories. The procedure outlined in the following section can be applied to an IM that has a load torque and operates at different flux levels, depending on the load. However, as shown in [2] , the mathematical effort would be significantly higher.
Substituting the expressions for coefficients a 1 , b 1 and c 1 from (16), (17) , and (18) into (10) and (12), the prototype expressions (for both trajectories A and B) for the rotor d-axis flux and the stator d-axis current are found as shown in (19) and (20) . Note that (19) and (20) are valid only during the time interval t 0 to t f .
C. STATOR Q-AXIS CURRENT FOR TRAJECTORY A AND TRAJECTORY B
From the numerical results presented earlier (i.e., Fig. 3 ) it is observed that the optimal trajectory of the stator q-axis current follows a conic section, which can be expressed analytically by a generic polynomial function of time as shown in (21) . This will be the stator q-axis current for Trajectory A. For Trajectory B, the optimal q-axis current is taken to be constant as given by (22) .
where, a 2 , b 2 , c 2 , and c 3 are the coefficients to be determined. To determine the coefficients in (21) and (22), we assume that the q-axis current for Trajectory A passes through the generic points i 0 qs , i m qs , and i f q at t = t 0 , t f 2 , and t f , respectively. and that the q-axis current for Trajectory B passes through the point i b qs as illustrated in Fig. 5 . Since we are assuming the IM is running at no-load (the assumption in Section IV.B), we get (23) and (24) .
It can be shown that the coefficients in polynomial (21) and (22) can be written as follows. Details of derivation of these coefficients are provided in [2] and will not be repeated here. 
Substituting the above expressions for coefficients a 2 , b 2 , c 2 , and c 3 into (21) and (22) , the optimal stator q-axis currents for trajectories A and B are found as in (29) and (30), respectively. Note that (29) and (30) 
A. d-AND q-AXIS COMPONENT OF ENERGY LOSSES FOR REGIME I
In Regime I (baseline), rotor flux and stator q-axis current are constant value functions during the transient time interval, which result in the electromagnetic torque also taking a constant value. Hence, the machine acceleration is a constant C rad/s 2 . The corresponding state equation is given by (31), from which the q-axis current can be found as in (32).
Solving (31) will give the rotor speed (33), and integrating it over the transient time interval will give the rotor angle displacement S 1 (34) due to Regime I. The rotor angle displacement due to Trajectory A and Trajectory B should also be equal to S 1 to ensure that the mechanical energy produced by the IM for the baseline and prototype trajectories are same.
Transient energy losses for Regime I can be obtained by substituting the expressions for control and state trajectories, given in Section IV.A, into the IM power loss equations, and integrating the resulting equations within the transient time interval. The energy losses can be separated into q-and d-axis components. The d-axis component depends on the rotor flux and stator d-axis current, given by (6) and (8), respectively, for Regime I. The d-axis stator and rotor losses are given by (35) and (36), respectively. Note that d-axis rotor losses are zero due to (8) .
E stator_d−axis loss
The q-axis component depends upon q-axis current, which can be found from (9) and (32) for Regime I. The q-axis stator and rotor energy losses are given by (37) and (38), respectively.
E stator_q−axis loss
= i 2 qs (t) R s dt = C K 1 ψ a dr 2 R s = E 3 (37) E rotor_q−axis loss = 1 0 R r L 2 r L 2 m i a qs 2 dt = R r L 2 m L 2 r C K 1 ψ a dr 2 = E 4 (38)
B. d-AXIS COMPONENT OF ENERGY LOSSES FOR TRAJECTORY A AND TRAJECTORY B
As stated at the beginning of this section, the prototype expressions for rotor d-axis flux and stator d-axis current are the same for both Trajectory A and Trajectory B. Hence, the d-axis component of the energy losses will be same for both. Here the procedure that was used for Regime I (in Section V.A) is repeated. For the d-axis components, we use the expressions (19) and (20) for rotor flux and d-axis current trajectories (from Section IV.B). The d-axis components of the stator and rotor losses are given by (39) and (40), respectively. Details of the intermediate steps involved in deriving these losses are given in [2] and are not repeated here.
where τ r = L r R r . Note that in the above loss equations if x = 1, the energy losses would be the same as those in Regime I (the baseline).
C. q-AXIS STATOR AND ROTOR ENERGY LOSSES FOR TRAJECTORY A
As stated at the beginning of this section, the prototype expressions for stator q-axis current are different for Trajectory A and Trajectory B. Hence, the q-axis component of the energy losses will also be different for both trajectories. Here we calculate the energy losses for Trajectory A. First, we should ensure that the rotor angle displacement due to Trajectory A is the same as that of the baseline (Regime I). The ODE describing the rotor speed dynamics due to Trajectory A is found by using (19) and (29) and the result is given by (41). Solving (41) results in the rotor speed trajectory given by (42).
It can be noted that i m qs , which is the value taken by the q-axis current trajectory at the vertex of the conic section, is unknown. Integrating (42) within the transient time interval will give us the rotor angle displacement S 2 , which can be equated to the baseline rotor displacement angle S 1 (34) to get (43). Now it is possible to obtain an expression for i m qs as given by (44).
Substituting the above i m qs into (29) gives us (45). Hence, we get an expression for the stator q-axis current in Trajectory A where the only unknown is the flux ratio x. Now, q-axis components of the stator and rotor energy losses for Trajectory A can be expressed by (46) and (47), respectively.
D. q-AXIS STATOR AND ROTOR ENERGY LOSSES FOR TRAJECTORY B
Here we calculate the q-axis component of energy losses for Trajectory B. The ODE describing the rotor speed dynamics due to Trajectory B is found by using (19) and (30) and the result is given by (48). Using the same procedure that was followed in Section V.C, we get an expression for the stator q-axis current of Trajectory B (49) where the only unknown is x. Now the q-axis components of the stator and rotor losses for Trajectory B can be expressed by (50) and (51), respectively.
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E. DETERMINING THE OPTIMAL FLUX RATIO x
The total energy losses for each trajectory can be calculated by adding the individual components of energy losses that were obtained in Sections V.B, V.C, and V.D. It can be observed that the only unknown parameter in the energy loss equation is the flux ratio x. The parameter Ψ a dr can be determined from measuring the flux at the start of the transient interval. C is the average acceleration required during the transient time interval to reach the desired rotor speed at the end of the transient interval. It can be noted that x is inversely related to the q-axis component of the energy losses and directly related to the d-axis component of the energy losses. Hence, there must exist an optimal value of x that would minimize the total energy losses, which is a one-dimensional optimization problem. Taking the first derivative of the total energy losses for Trajectory A w.r.t. x and equating that to zero gives (52) which is a 4 th order polynomial equation in terms of x. It is possible to solve (52) for x numerically since the values of the other parameters in the equation are known. Here the 'solve' function of MATLAB software was used to solve for x. Since the second derivative of the losses given by (53) is found to be always positive, optimal x will at least be a strong local minimum. 
The same procedure for calculating the flux ratio x can be repeated for the Trajectory B. However, it is not included here to avoid redundancy.
VI. SENSITIVITY ANALYSIS AND RESULTS
The expressions obtained in Section V are applicable to generic rotor field oriented IM's. Hence, we can find the optimal control trajectories for a given set of IM parameters making it possible to perform a sensitivity analysis.
A. SENSITIVITY OF THE OPTIMAL FLUX RATIO x
Here we perform a sensitivity analysis for the optimal flux ratio x. Optimal x will also take different values for Trajectory A and Trajectory B. The sensitivity of optimal x to the initial flux, Ψ a dr , and the moment of inertia J (which affects K 1 ) is illustrated in Fig. 6 . The sensitivity of optimal x to initial flux Ψ a dr , and change in magnitude of the rotor speed C (which affects K 1 ) is illustrated in Fig. 7 . The sensitivity of optimal x to the initial flux Ψ a dr and rotor time constant τ r is illustrated in Fig. 8 . The above sensitivity analysis shows that the higher the initial flux value, the lower the optimal flux ratio x. Also, the optimal value of x is directly proportional to the moment of inertia J and the change in speed C, while it is inversely proportional to the rotor time constant τ r . Practically, this means that for IM's with heavy rotors, a large change in the rotor speed would require a large change in the rotor flux to achieve an optimal transient energy efficiency.
B. EVALUATING IMPROVEMENT IN EFFICIENCY
The closed form analytical solutions of optimal control trajectories and optimal ratio x can be used to calculate the energy efficiency during transients for different scenarios. Regime I is used here for comparison purposes. The test cases are listed in Table 2 , where the first four cases are for positive changes in the reference rotor speed (acceleration), and the next four are for negative changes in the rotor speed (deceleration). Note that only the initial flux value, Ψ a dr , is varied across all the cases. The trajectories of rotor d-axis flux, rotor speed, and power losses corresponding to case studies 1.3 and 1.7 are given in Fig. 9, Fig. 10, and Fig. 11, respectively. It is possible to calculate the energy efficiency corresponding to a trajectory if we have the energy losses and the mechanical energy output by using (54), (55), and (56) below. 
The energy losses and efficiency values for Regime I, Trajectory A, and Trajectory B for all case studies were found through numerical integration and are tabulated in Table 3 .
From Table 3 , it is seen that the prototype trajectories can maintain a nearly constant energy efficiency for different values of the initial rotor flux, when compared to Regime I (baseline). Trajectory B is found to be the ideal trajectory in terms of consistency in energy efficiency.
C. SENSITIVITY OF THE OPTIMAL ENERGY EFFICIENCY
The procedure in Section VI.B can be repeated for different IM parameters and initial-final conditions from which the sensitivity of transient energy efficiency can be analyzed. The first set of plots in Fig. 12 shows the sensitivity of energy efficiency to C and Ψ a dr with J and τ r being constant. Fig. 13 shows the sensitivity to J and Ψ a dr with C and τ r constant. Finally, the sensitivity to τ r and Ψ a dr with C and J constant (100 and 0.2 respectively) is shown in Fig. 14 . 
D. OBSERVATIONS FROM SENSITIVITY STUDIES
Observations from the above sensitivity analysis and plots reveal many interesting features and are summarized below.
1) MAGNITUDE OF FLUX RATIO x
The optimal value of x depends primarily on Ψ a dr , i.e. if the initial rotor flux is below a certain threshold, then x is greater than 1 and vice versa. However, the value of the threshold is dependent on C and J .
2) DIRECTION AND MAGNITUDE OF THE PEAK VALUES OF i opt _A qs

AND i opt _B qs
The direction of the q-axis current is dependent solely on the sign of the change in speed, C. However, the peak current is dependent on both the magnitude of C and the optimal value of x. 
3) CONSTANT ENERGY EFFICIENCY
The optimal trajectories tend to maintain a nearly constant energy efficiency despite changes in Ψ a dr , C, J , and τ r . This contrasts with Regime I whose efficiency increases with increases in Ψ a dr , reaches a peak (which is equal to or less than the optimal energy efficiency), and then drops off afterwards. The value at which efficiency reaches its peak is dependent upon C and J .
4) q-AXIS CURRENT TRAJECTORIES
Trajectory A provides a slightly higher efficiency when Ψ a dr is low. However, the opposite is true when Ψ a dr is high. Trajectory B will be at least as efficient as the baseline for an arbitrary set of IM parameters and initial-final conditions. Hence in terms of consistency, Trajectory B is more desirable.
5) EFFICIENCY IMPROVEMENT
The improvement in energy efficiency over the baseline is directly proportional to C and J for the same Ψ a dr .
6) EFFECT OF τ r
As τ r decreases (L r changes and R r decreases), the improvement in energy efficiency due to optimal trajectories over the baseline for the same Ψ a dr is higher.
VII. CONCLUSION
As a contribution to the state-of-the-art, a prototype openloop control law to minimize the energy losses in rotor field oriented IM's during speed transients was derived. The derived control law was in the form of analytical expressions for rotor d-axis flux and stator q-axis current and are applicable to generic IM's. These prototypes were inspired by the shape of the trajectories obtained from numerical solutions of the IM optimal control problem. Using the analytical expressions, the sensitivity of optimal energy efficiency to various parameters of IM when it is accelerating or decelerating from one operating point to another can be analyzed. The developed prototypes have great potential in minimizing transient energy losses in various applications such as electric vehicles and others. The prototypes assumed that the load torque is zero, but can be extended to non-zero load torques in future studies. Experimental validation of these trajectories can be done using induction machine-power electronic drives hardware, provided an accurate energy meter, and dynamometer (for measuring the mechanical output) are available. 
APPENDIX
